PROBABILITY PROBLEMS: TEAM CONTEST

MaAy 2019

1. Let Z be a real random variable, the log Laplace transform of Z is the function taking values in
R U {00} defined for A € R by:
Uz (A) =InE(exp(AZ)).

1-1 For Z a random variable taking value in a bounded interval I, derive twice ¥ and identify,
for all A, this second derivative to the variance of a random variable Z), which we precise its
distribution.

1-2 If Z is a random variable taking value in a bounded interval I, show that the variance of Z
is upper bounded by |I|?/4.

1-3 If Z is a random variable taking value in a bounded interval I. Show that for all A\ € R*,
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1-4 Let Zy,...,Z, be intendant random variables, such that Z; take value in [a;,b;]; denote

Z=3"Z;and Z = Z — E(Z). Show that
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1-5 With same notations as in 1-4, show that for all € > 0,
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2. Let {X,} be independent indentically distributed random variables with finite mean, and S,, =
>i 1 X; be the partial sum. Show that the sequence {S,/n} is a reverse martingale. This means
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where
ﬁn = U{Sna5n+1a"'}

is the smallest o-algebra generated by the random variables Sy for k > n.

3. Let n > 2 be an integer, show that, a random vector X € R™ having independent components
and its distribution is O(n) invariant i.f.f. X ~ AN(0,0?).

(Distribution is O(n) invariant means that for any orthogonal matrix, that is a rotation, P € O(n),
X and PX have the same distribution.)



